Abstract-Quadratic forms play an important role in the development of several polarimetric and interferometric synthetic aperture radar (Pol-InSAR) methodologies, which are very powerful tools for earth observation. This paper investigates integrals of Pol-InSAR operators based on quadratic forms, with special interest on the Pol-InSAR coherence. A new operator, namely Trace Coherence, is introduced, which provides an approximation for the center of mass of the coherence region (CoRe). The latter is the locus of points on the polar plot containing all the possible coherence values. Such center of mass can be calculated as the integral of Pol-InSAR coherences over the scattering mechanisms (SMs). The trace coherence provides synthetic information regarding the partial target as one single entity. Therefore, it provides a representation, which is not dependent on the selection of one specific polarization channel. It may find application in change detection (e.g., coherent change detection and differential DEM), classification (e.g., building structure parameters), and modeling (e.g., for the retrieval of forest height). In calculating the integral of the Pol-InSAR coherences, an approximate trace coherence expression is derived and shown to improve the calculation speed by several orders of magnitude. The trace coherence approximation is investigated using Monte Carlo simulations and validated ESA (DLR) L-band quad-polarimetric data acquired during the AGRISAR 2006 campaign. The result of the analysis using simulated and real data is that the average error in approximating the integral of the coherence region is 0.025 in magnitude and 3°in phase (in scenarios with sufficiently high coherence).
observables allowing the development of more powerful methodologies [3] , [4] . The combination of polarization and interferometry is often referred to as Pol-InSAR [5] , [6] . In the last decades, a large variety of PolSAR and Pol-InSAR methodologies were proposed. A very short list of applications are retrieval of parameters [7] [8] [9] , detection/classification [10] [11] [12] [13] , and change detection [14] [15] [16] [17] .
In the following, a very brief introduction to Pol-InSAR is provided with the purpose of presenting the mathematical formalism exploited in the rest of this paper.
A single target has a fixed polarization in time/space and we can characterize it using a scattering (Sinclair) matrix or equivalently a scattering vector k [3] . In a linear polarization basis, the scattering vector is typically given as k = [H H, H V, V V ] T , where HH, HV, and VV are the complex radar returns gathered by the radar. It is possible to define a projection vector as a normalized vector ω = (k)/( k ). ω is by the community often referred to as SM; however, the concept of SM should be referred to a physical target, while ω is an entity that we use to focus or filter out a specific SM. Typically, the target observed by a SAR system is not a single SM, but a combination of different targets, which we refer to as partial targets. In order to characterize a partial target the single scattering matrix is not sufficient, since the target is a stochastic process and the second-order statistics are required. In this context, the target covariance matrix can be estimated: T = k k * T , where * stands for conjugate, superscript T for transpose, and . is the finite averaging operator [3] . Please note that in this paper, we will not differentiate between the terminology covariance or coherency matrix, because the analysis presented is not affected by the selection of the basis.
In Pol-InSAR, the Pol-SAR covariance matrices are acquired separated by a spatial baseline. The two Pol-SAR covariance matrices can be defined as T 11 = k 1 k * T 1 and T 22 = k 2 k * T 2 and the Pol-InSAR covariance matrix (containing the interferometric information) is T 12 = k 1 k algorithm is to diagonalize the covariance matrix. In the case of quad-polarimetric data (i.e., full scattering matrix), the decomposition is [T ] = are the eigenvectors. Please note that in this paper, reciprocity and monostatic system are assumed. The eigenvalues can be used to estimate the entropy (denoted as H ) that helps recognize if there is a dominant SM: H = − 3 i=1 P i log 3 P i , where P i are the probabilities of each eigenvalue and they are defined as P i = λ i /(λ 1 +λ 2 +λ 3 ). Each of the eigenvectors can be represented using polar coordinates that provide parametrization [12] : u = [cos(α), sin(α) cos(2β)e j μ , sin(α) sin(2β)e j ]. α is called the characteristic angle and β is the orientation angle. μ and are two phase angles with no specific physical interpretation.
II. QUADRATIC FORMS FOR POL-InSAR DATA
Given a generic N × N matrix A and a vector v defined in an N-dimensional space (e.g., C N ), a quadratic form can be defined as v * T Av [19] , [20] . It presents the combination of the second-order elements of v after transformation by the matrix A. Using quadratic forms, it is possible to study the sign of the matrix A. In the case of Pol-SAR, the covariance matrices are positive semi-definite. This means that their quadratic forms cannot be negative: T 0.
A. Integral of Single Quadratic Form: Power
A generic partial target is a linear superposition of several SMs. In the case of monostatic quad-polarimetric acquisitions with reciprocal medium, the SMs live in a 3-D complex space (C 3 ) [3] . The latter constrains the covariance matrix to be 3 × 3. Given a partial target, the power backscattered by a specific SM can be calculated considering the quadratic form of the covariance matrix T with an appropriate projection vector ω that represents the SM
Such reasoning is central to the Cloude-Pottier decomposition, where the SM with the maximum and minimum power are computed performing a diagonalization of the covariance matrix [3] (a proof can be easily obtained considering a Lagrangian optimization of the quadratic form). However, in some applications, we are not interested in the dominant SM, but in the average backscattering. The latter can be calculated solving the integral of the quadratic form varying the projection vector
where represents the support of the projection vector, which is a unitary complex sphere. S is equal to the surface of such sphere and the integral is divided by S because we are not interested in the size of the support. In other words, we want that a unitary function (i.e., T equals to the identity matrix) provides a unitary integral. S can assume different values depending on the dimension of the space in which ω lives (i.e., dual-or quad-pol data). Interestingly, it is not necessary to know the exact value of S for the following derivation. The final solution of the integral is
where the operator trace(.) represents the sum of the diagonal elements of a matrix. The derivation of the analytic solution is provided in the Appendix.
B. Trace Coherence and the Integral of Pol-InSAR Coherence
The Pol-InSAR coherence can be written using quadratic forms. This formalism allows to evaluate the coherence region (or coherence loci), CoRe, which is a locus of points on the polar plot representing Pol-InSAR coherences (varying the projection vector) [3] , [21] . CoRe finds applications in modeling (e.g., random volume over ground model [6] ) and change detection [22] . A common way to estimate the CoRe is by performing a Monte Carlo simulation where a large number of random projection vectors ω are generated. In the literature, methodologies were proposed to evaluate the extremes of the CoRe and the optimum polarizations [3] , [23] .
The center of mass of the CoRe (i.e., the average of all the coherence points) depends on the density of points inside the loci. This is defined as the integral
In this paper, a new operator named trace coherence is introduced
Motivated by the previous result, we hypothesize that γ tr can approximate the γ integral
It is clear, that the result obtained with a single quadratic form cannot be extended straightforwardly, since the coherence operator is nonlinear. On the other hand, it is possible to prove that the previous equality holds when the matrices have some specific structures. To investigate this, the eigenvector basis of the first covariance matrix T 11 can be used to represent the space. Following the previous nomenclature, the integral can be rewritten as (8) , shown at the top of the next page. The U i j matrices multiplying T 11 are not written because the product is traceless.
Looking at 8, it is possible to tell that the equality holds in the following situations. Proof 1: σ 1 T 11 = σ 2 T 22 = σ 3 T 12 , ∀σ i real scalar. If the three matrices are equal but differ only by a scaling factor, the eigenvectors of T 11 are able to vanish the off diagonal terms of T 22 and T 12 as well. In addition, the values of A, B, and C will be the same ∀ω (but a scaling factor that multiply A, B, and C). They will therefore simplify and leave the expression equal to γ tr . In practical terms, this happens when
we are in the conditions of polarimetric stationarity [or equi-SM (ESM)] and the interferometric decorrelation is independent of the SM. The CoRe will have the shape of a circle on the polar plot, with the mean and the peak of the density in the middle. Proof 2: T 11 = σ T 22 rank one ∀σ real scalar. If this is the case, the quadratic forms of the covariance matrix T 12 will be forced to live in the same 1-D line of T 11 and T 22 which means we will be in the same situation of Proof 1. This result is also intuitive, since for a rank 1 covariance matrix the polarimetric process is deterministic and the CoRe collapses in one single point on the polar plot. The location of the point is determined by the interferometric decorrelation. Proof 3: σ 1 T 11 = σ 2 T 22 = σ 3 I , ∀σ i , where I is the identity matrix (i.e., unitary polarimetric entropy). This condition forces T 12 to be diagonal (i.e., the polarimetric channels are not correlated independently on the interferometric information). In this situation, the off diagonal terms of all the matrices T 11 , T 22 and T 12 vanish independently on the basis used. Moreover, A, B and C will be always equal to 1 3 , since each element of any orthonormal set will contain one third of the total matrix energy. Therefore, A, B, and C simplify and they leave the integral equal to γ tr . In all the other situations, it is not possible to prove mathematically that the integral is equal to γ tr and therefore it has to be considered an approximation. Interestingly, Proof 2 and Proof 3 coincide with the boundary conditions for the polarimetric behavior of partial targets (completely polarized and de-polarized, respectively). Therefore, we may hope that intermediate situations will have similar behavior. In order to test the approximation, simulated and real data are exploited in the following.
C. Application of Trace Coherence
Before proceeding with tests, it is valuable to spend few words explaining some advantages of using γ tr . From a general point of view, the main advantage of using γ tr compared to a single SM solution (i.e., single channel, optimum polarization, extremes of CoRe) is that γ tr represents a synthetic information about the CoRe intrinsically based on the idea that the observed target is partial and therefore composed by several SM. With synthetic information it is meant a quantity that is able to combine, compact and synthesize a larger amount of information, which would otherwise need many more numbers. This is done by integrating over all the possible realizations of the CoRe.
Therefore, γ tr may possibly find use in several applications where we need a single complex number that can characterize in average the entire partial target without being linked to one specific SM (e.g., the one with maximum coherence). Clearly, there are situations where we are interested in identifying one specific SM and we do not want an averaged solution. However, the possibility of having a rigorous way to evaluate the average coherence of an entire partial target may be beneficial in some applications. In the following, few examples of some of these applications are applications are mentioned. In terms of methodologies, γ tr could be employed in change detection, modeling.
1) Coherent Change Detection (CCD) is a widely exploited methodology used to detect small changes in targets that would not be detectable using Non-Coherent Change Detection (NCCD) [24] . With respect to CCD, some disadvantages may arise when a generic polarization channel or the optimized polarization coherences are used. For instance, an SM may have a very small coherence because the observed target is orthogonal to the selected SM (i.e., we are observing noise). In this case a detection will be triggered even though the actual target is stationary. The center of mass however takes into account all the components of the partial target weighted by their intensity, providing therefore a synthetic information of the target as a whole. 2) Still in the context of change detection, the CoRe keeps valuable information regarding the phase center as well. Recently, it has been shown that the difference between DEM obtained by single pass TanDEM-X data can be used to extract information regarding large vertical movements of the observed target. This methodology is often referred to as Differential DEM [25] . For instance, differences between DEM can be used to monitor water level changes in wetlands. Different polarization channels may provide dissimilar estimates of this movement. This is because, different SM in the partial target can have generally distinct projections on the single channels that are used for the estimation. Predicting the amount of such projections can be rather hard and generally requires powerful physical models. On the other hand, the phase of γ tr represents the entire average of phase centers that can be attributed to the entire partial target.
In absence of appropriate models, the phase of γ tr may provide more robust results because it is supposed to average out (with proper weights) the results that each single channel may give. 3) In the context of classification, the multi-baseline investigation of volume structure is a topic of interest [26] , [27] . A possible use of γ tr could be to extract "structure indices" based on on the combination of selected points inside the CoRe. For instance, the distances of γ tr to the that cross the CoRe extremes or optimum polarizations, could bring information regarding the distribution of points inside the CoRe without calculating the histogram of the CoRe elements (which is time consuming). 4) As mentioned previously, CoRe are used in modeling.
In the Pol-InSAR retrieval of vegetation height, we are often interested in identifying the line that crosses the CoRe and represents the Random Volume over Ground (RVoG) model [6] , [28] , [29] . For instance, knowing the CoRe center could help retrieving some extra information to obtain the line. Or it could help understanding when RVoG model is not applicable. 5) The integral is obtained summing elements and therefore it is expected to have less speckle. Theoretically, compared to a generic polarization channel the Equivalent Number of Look (ENL) can be increased by a factor up to 3:
where E N L sing and E N L tr are respectively the ENL for a single channel and γ tr . The left equality holds when the rank is 1. In other words, the sum of the three components does not increase the ENL when the three components are linearly dependent, which is the definition of a rank one matrix. The right equality holds when the process is completely depolarized (i.e., completely depolarized (i.e., Proof 2). This is because the three components are independent each other. Among other situations, increasing ENL is valuable for change detection, where the attention is focused on low values of coherence that are biased when the ENL is low [30] . 6) Another way to determine the CoRe center is by using a Monte Carlo Integration, MCI (i.e., the CoRe is generated with a Monte Carlo simulation and all the points are averaged together). Compared to the MCI, γ tr is much faster, since it only requires a very limited amount of multiplications (it does not require the construction of the CoRe).
III. SENSITIVITY ANALYSIS WITH SIMULATED DATA
In this section, a sensitivity analysis is performed by means of a Monte Carlo method. Some preliminary results on such analysis can also be found in [31] .
A. Monte Carlo Simulations
The simulations performed in this paper assume the scattering vectors to be Gaussian. The impact of different types of texture could be investigated in the future.
The simulations were performed as follows: 1) A Monte Carlo method is used to generate N realizations of scattering vectors drawn by a 3-D-complex Gaussian distribution. This is performed twice (one for each acquisition). Therefore, we generate two sets of "white random vectors":
2 (i ) the interferometric correlation and phase difference is selected. This allows modeling the shape of the coherence loci on the polar plot. The way this is done is by generating k w 3) The white random vectors are colored using two asymptotic covariance matricesṪ 11 andṪ 22 (representing the partial targets observed in the two acquisitions):
The simulated Pol-InSAR matrices are calculated by averaging N realizations of the outer product of the simulated vectors:
where . N is the finite average of N realizations. Since the simulation provides random variables that are close to be independent, the value of ENL can be approximated by N. In the real scenario, the realizations would be neighbor pixels and the average would be done by a spatial filter (e.g., a boxcar). 5) Points 1-4 are repeated K times to evaluate statistics.
They represent K experiments. In other words, a set of K covariance matrices is produced:
Each of these realizations is slightly different due to speckle. 6) For each of the K experiments, the CoRe is evaluated considering L random vectors from the support of ω (sampled uniformly using a Monte Carlo sampling). This means that for each triplet T 11 (k), T 22 (k), and T 12 (k), we will have one CoRe, and each experiment will have a slightly different CoRe due to speckle. Beside visualization purposes, L decides the amount of points used to evaluate the Monte Carlo integral (MCI). To summarize, K experiments are performed averaging N realizations and for each experiment the CoRe is evaluate using L points. A block diagram of the simulation procedure is presented in Fig. 1 .
For the sake of simplicity, we concentrate on simulations with the assumption of ESM:Ṫ 11 =Ṫ 22 . Please note that even though the matrices T 11 and T 22 are very similar, they will never be exactly the same due to speckle. There are several reasons why we decided to concentrate on ESM simulations. First, the ESM case is generally of most interest for modeling, since changes in the polarimetric behavior would naturally lead to low values of coherence that cannot be used for retrieval. Second, consideringṪ 11 =Ṫ 22 would substantially increase the amount of tests we will need to carry out in order to be complete and this cannot be contained in one single paper. Third, it would be very hard to provide satisfactory physical interpretations of non-ESM tests, because the understanding of how different partial targets combine to build up the T 12 matrix is still not well understood. However, to have some feeling regarding the approximation behavior for no-ESM targets, a few tests are shown in the following.
In the following tests, K = L = 500 and N = 60 (unless differently stated). The parameters K and L are selected taking into account accuracy and execution time. In the tests performed, K = 500 representations revealed to be sufficient to extract the underlying statistics of the covariance matrices. On the other hand, L = 500 points for the Monte Carlo integration provides a negligible error in estimating the integral. Finally, L was selected equal to 60 to approximately match the ENL of the test with real data.
1) Integral of Power:
The first test is aimed at evaluating the correctness of the integral derivation for a single quadratic form. K = 500 realizations of a covariance matrix T are generated and for each one, the MCI is performed using L realizations of the quadratic form. Interestingly, the difference between the MCI and the third part of the trace depends on L, the number of points used to estimate the integral. The difference reduces to numbers closer to the machine error when L increases. Only when L is large enough, the support of the integral is covered properly. The results for a generic covariance matrix are shown in Fig. 2 . If L = 10 6 , then the difference reduces to 7.1 · 10 −5 and the ratio to 1.0000. As a final remark, this experiment should clarify that the MCI is a very good approximation of the integrals (we believe better than γ tr as shown in next section), but it is not immune from errors. Therefore, part of the errors that we estimate in next sections could be related to the MCI.
2) Entropy: It was shown that the equality between γ tr and the integral of γ holds when the entropy of both covariance matrices is either 0 or 1. In this section, we would like to put this under test.
The simulator was used to generate CoRe with triangular shapes. This is for the sake of generality, but the results are similar when ellipses are used. Fig. 3 shows three CoRe when the entropy is, respectively, H = 1, H = 0.5, and H = 0.004. In this simulations, the dominant target is always a surface (i.e., α = β = 0). The next section provides more details regarding the selection of the second and third SMs. The change in entropy is obtained fixing the second and third eigenvalues to be equal and increasing the first eigenvalue.
In Fig. 3 , the red points represent the elements of the CoRe, while the black points are the CoRe boundary. The blue diamond is the trace coherence γ tr and the green triangle is the Monte Carlo integral (MCI). The shape of the CoRe is triangular (as expected) and the location is about the same in each experiment. Please note that the CoRe moves in different experiments due to speckle. It can be noticed that the density of points inside the physically feasible region (the boundary of the CoRe) changes substantially when the entropy is modified. Specifically, an entropy equal to one returns a more homogeneous distribution of points, while an entropy close to zero returns a process that is polarimetrically more deterministic and therefore it does not exhibit significant variation (almost one single point on the polar plot).
From Fig. 3 , it is possible to observe that γ tr is well aligned to MCI for very high or low entropy values. To have a more quantitative analysis, in Fig. 4(a) , the difference is plotted as a function of the entropy. This is calculated as 
3) Scattering Mechanisms:
In this section, we concentrate the tests on H = 0.5, since this seems to be the worst scenario in terms of entropy.
We want to analyze the effect of using different SM to simulate the partial target. The entropy is kept equal to 0.5 and the dominant SM u 1 is rotated. The second and third SM u 2 and u 3 are kept orthogonal to the first one using a Gram-Schmidt ortho-normalization [20] . In addition, we fixed λ 2 = λ 3 to make sure that vectors on the plain orthogonal to u 1 do not have preferential directions, which could produce less general results. Finally, the interferometric phase and decorrelation of each of the three u i is kept the same, despite the fact that the u i represents a different target.
Following the Cloude-Pottier decomposition, different values of α 1 and β 1 are tested. For the sake of brevity, only the analysis of α 1 is presented. Fig. 5(a) presents the CoRe for α = 0, α = 45, and α = 90. Interestingly, the three CoRe appears to be rather similar, with a triangular shape and points concentrated in the top-right corner. The variation between the different CoRe is only due to speckle, because they use the same underlying covariance matrix to generate the Monte Carlo realizations. Fig. 6(a) presents the error as defined previously. Interestingly, this is always around 0.03. The fluctuation can be explained because each experiment has slightly different covariance matrices (due to speckle) that therefore generate slightly different CoRe. It can be inferred that the error is independent of the specific SM. Abstracting this result, we could say that the center of mass of the CoRe is invariant to change of basis, which is a well-known property for the Pol-InSAR coherence (i.e., the γ of a selected SM is basis invariant). Such property can also be easily proofed using the definition of γ tr and noticing that the Trace is basis-invariant. Fig. 6 (b) presents a comparison of the error with the actual estimated value.
4) Interferometric Decorrelation:
This section investigates the dependence of the approximation to the shape of the CoRe. In particular, the CoRe is stretched along the radial direction of the polar plot changing the interferometric decorrelation of one SM. The entropy is fixed to 0.5 and an ESM hypothesis is made. Please note that the word "decorrelation" is here used to identify the magnitude of the interferometric coherence.
The three SM are built as follows. The dominant SM is fixed and it has an eigenvalue 10 times stronger than the others, which provides an entropy of approximately 0.5. Its interferometric coherence is set to a phase of 60 degrees and decorrelation of 0.5. The second SM is fixed and it has an interferometric phase of 30°and decorrelation of 0.5. The third SM is modified. Its interferometric phase is 90°, but the decorrelation varies from 0 to 1. In order to observe how the CoRe varies, Fig. 7 presents the polar plot for values of decorrelation R equal to 0, 0.5, and 0.9. It is possible to observe that the left tip of the region moves from 0 to 0.9.
The magnitude of the error is presented in Fig. 8 . It is possible to observe that the error depends on R. In particular, it is minimum around R = 0.5, that is, when the moving SM is more aligned with the other two. The error increases when the loci are more stretched and the point density is less uniform. Fortunately, even in the worst conditions, the error seems to be in mean around 0.04.
5) Worst Case Scenario:
We want to devise an experiment that is the most challenging for the approximation. Please note that the simulations performed in this section are likely to be unrealistic and they only purpose is to gain understanding of the approximation. Therefore, we are not suggesting that the peculiar shapes presented in this section could be observed in real data.
We want to create a point density that is largely unbalanced inside the CoRe. A way to achieve this is by using very low values of entropy. However, it was observed that the CoRe collapses to a single point when H = 0. Therefore, the entropy is selected as H = 0.1. In terms of eigenvalues, the dominant SM contains 100 times more power than each of the other two SMs. The second and third eigenvectors have an interferometric phase of 90°and 180°(respectively) and a decorrelation of 0.9. A value of 0.9 is unrealistic, since their eigenvalues are very low (they should be affected by noise) and their phases are very different (which would suggest large volume or multiple scattering decorrelation). The dominant SM is set to have a decorrelation of 0.9 and an interferometric phase that varies from 0°to 360°. Fig. 9 shows how the CoRe reshapes when the interferometric phase is varied. The most of the points are concentrated in the location of the dominant SM; nevertheless, the CoRe is designed to stretch up to the other two SM. Fig. 10 shows the error, which depends on the angle. The lowest error is approximately 150°, while largest errors are for values of 0 or around 300°. The largest errors correspond to the most stretched CoRe. This can also be noted plotting the differences on a polar plot. It is encouraging to observe that even in such unrealistic experiment the errors appear to be contained in values lower than 0.09. Fig. 10 (b) offers another engaging insight that was not discussed in the previous section. From Fig. 10(b) , it is possible to observe that γ tr (k) are always larger (in magnitude) than MCI(k). In the latter experiment, the point distributions have large skewness with shorter tails that are always closer to the unit circle. This lead to the idea of testing the relationship between γ tr (k) and the peak (i.e., or mode) of the CoRe Peak(k). Please note that the word "mode" may be an abuse of notation because it requires interpreting the CoRe as a random process. This is true when the loci are obtained by a Monte Carlo method, but in general, it is more proper to talk about point density as deterministic 3-D surfaces on the polar plot.
6) Peak of the Histogram:
In order to test this idea, the point density is estimated with a histogram and the peak location is determined. Care was taken to have the histogram bin size small enough to accurately capture the peak location, but not too small to produce a jagged histogram. Once the peak location is determined, the differences between Peak(k) and tr(k) or MCI(k) are evaluated as tr = |γ tr (k) − Peak(k)| and MCI = |MCI(k) − Peak(k)|. Fig. 11 shows the results of such analysis where the red points represent tr and the blue points are MCI .
γ tr (k) seem to be consistently closer to the peak compared to MCI(k). Remarkably, tr remains very small even in this worst case scenario. The difference tr , MCI are also estimated simulations of the other experiments (i.e., varying entropy and decorrelation). Again, γ tr (k) are consistently closer to the peak than MCI(k). Observing the latter results it is evident that the peak can be very challenging and unreliable. When the entropy grows, the density of points become rather uniform in the CoRe. The density surface still has a peak determined by the location of the dominant SM, or the middle point of equal SM, but the surface gradient can be rather low. This means that estimating the peak using histograms becomes is the reason why the difference between γ tr and MCI(k) can be smaller than the difference between smaller than the difference between γ tr and the peak when the entropy grows (i.e., the location of the peak is not well estimated). The situation improves (i.e., tr reduce to a maximum of 0.02) when L, the number of points used in the CoRe, becomes very large (e.g., 10 000), but the computational time also increases from less than a than a minute to tens of minutes (using MATLAB on a computer with 16 G B of RAM and 3.6 G H z of clock).
7) Changing the ENL:
The final test is focused on the ENL. In the previous experiments, the value N = 60 was used, since this should capture a real scenario where a boxcar of around 9 × 9 is used (please note, pixels of a SAR image are not independent). However, it is interesting to test the dependence of the approximation with respect to N.
A partial target with H = 0.5 and a triangular CoRe (same as the one used in the test of entropy) is simulated. The value of N is varied between 3 and 500. Fig. 12 presents the magnitude of the difference . Interestingly, it appears that the approximation is in average rather independent of the ENL for values higher than 10. For ENL below 10 the approximation seems to have lower performance. This is because very low values of ENL can enlarge significantly the CoRe and the approximation is affected by the size of the CoRe. However, above a sorter ENL value (in this case around 10) the mean error remains rather constant. On the other hand, the error variability is dependent on the ENL, but seems to become rather constant after around 200 ENL. We do not expect the error to go to zero for very large ENL because the CoRe does not collapse to a single point (i.e., the shape is determined by the SM locations).
As a final remark, in practical scenarios, we may expect that the approximation can show larger dependence on the size of the boxcar window. Larger windows are more likely to include different targets that impact the entropy and a change in entropy affects the approximation as showed in previous sections.
8) Polarimetric Nonstationarity:
Previous sections adopted the ESM assumption. In this section, we want to gain some understanding regarding the approximation when the ESM hypothesis is not fulfilled. Fig. 13 displays the results of two tests.
1) The SM of the partial targets stays the same. The entropy of the first target is H I = 0.5 and the entropy of the second target is varied between 0 and 1 (H I I ∈ [0, 1]).
2) The entropy of T 11 and T 22 is 0.5. The dominant α of the first target is α I 1 = 0 and the dominant α of the second target is varied between 0°and 90°( α I I 1 ∈ [0, 90]). As expected, the approximation is dependent on the specific selection of the two partial targets. The error depends on the CoRe shape and density that change when the partial targets are modified. Unfortunately, it is rather hard to interpret these results except for few comments. Apparently, the error still reduces when the entropy of one of the two targets is unitary. If the two partial targets become more different, the fluctuation of the error (due to speckle) is larger. This is because the structure of the T 12 matrix becomes more variable.
As a final remark, it is important to keep in mind that the way non-ESM targets are simulated can impact strongly the analysis. In this paper, we set that the projection of the second partial target over the first maintains the same correlation. This is to say that the second partial target is obtained by the first one plus an additive component (that is clearly uncorrelated with the first target). This therefore does not cover the case when the first target is substituted by a completely new second target. The latter scenario will show a much larger decorrelation and we may expect that the CoRe will cluster around the zero in a uniform way. This should improve the approximation.
9) Summary of Simulations: It was observed that the approximation depends on the CoRe shape and point density.
Further experiments showed that γ tr is significantly biased toward the peak of the density at a level that it that it could be possible that γ tr represents the peak. Unfortunately, proving this property is not trivial, unless the peak and mean have the same location. This happens in the following situation. 1) ESM hypothesis and single decorrelation mechanism: the CoRe is a circle with a symmetric density. 2) The entropy is unitary: even if the distribution is rather smooth, the peak and the mean would both be the middle point between the three SMs.
3) The entropy is null: in this case, the CoRe collapses to a single point. The previous conditions are the same in which it was possible to proof that γ tr is equal to the integral.
As a final remark, in some applications, knowing the location of the peak may be even more beneficial than the mean. For instance, if the long tail of the distribution represents SM that are not of interest (e.g., because they represent noise) we may like to have a result that is slightly closer to the dominant SM.
IV. TEST ON REAL DATA

A. Presentation of Data
The data exploited in this analysis were acquired by the E-SAR (DLR) system in L-band, during the 
TABLE I ESAR AGRISAR 2006 ACQUISITIONS EXPLOITED
AgriSAR 2006 campaign. The data set is quad-polarimetric and presents several flight passes over agricultural areas near the village of Grömin in the North of Germany. Some preliminary test of γ tr on the AGRISAR data set can be found in [32] .
The main parameters of the acquisitions exploited in this paper are shown in Table I . Fig. 14 shows the RGB Pauli images of a portion of the entire scene that will be used as initial test area. The two acquisitions considered here were carried out the 13th of June and the 5th of July and they have a nominal baseline equal to zero. However, in the exploited data, there is still a residual baseline. In the future, some test will also be focused on baselines largely different from zero. The scene presents several agricultural fields with some buildings (farms). The color coding of the Pauli RGB is Red:
It can be observed that some of the fields have experienced a change between the two acquisitions, while others appear to be rather stationary. Also the image contains bright point targets that allow to test a variety of entropy values.
B. Comparison of Coherences
Before visualizing the Trace Coherence γ tr , it is interesting to display coherences for standard targets. The interferometric coherences for the three elements of the Pauli basis are shown in Fig. 15 . For this a boxcar filter of 9 × 9 pixels is used. It is apparent that changing the projection vector the coherence can vary substantially. Specifically, the first component of the Pauli decomposition (that is referred as Odd-bounce or surface) is the most correlated, while the even-bounce (or horizontal dihedral) seems to be the weakest for most of the fields. Also the cross-polarization channel (which is often associated with volume scattering) is stronger than the dihedral scattering (since there is a volume component), but it is lower than the surface scattering, since it suffers more from volume decorrelation. Additionally, all the SM which present a low backscattering (e.g., HV channel on bare ground) will suffer from noise decorrelation.
The images for the wrapped interferometric phases are reported in Fig. 16 . Fig. 17 compares the results with γ tr . The magnitude and phase of γ tr are somehow in between the ones of the Pauli basis. It is possible to notice, that dark areas in all the channels appear darker in γ tr . This is because we are able to increase the number of equivalent looks reducing the coherence bias for low values. An important point to observe is that γ tr does not introduce any apparent bias or artifact in the image. This is because, γ tr synthesizes the information contained in the different channels (i.e., evaluate the integral), but it does not introduce information that is not present in any of the polarimetric channels.
Comparing the magnitude of γ tr with the coherence magnitudes of the Pauli components, it is possible to observe one of the advantages of using γ tr . The red rectangle (bottom-right corner) represents an area where we could expect volume scattering due to the green color in both RGB images. The combinations HH + VV and HH − VV have rather low backscattering and therefore are strongly affected by noise. If a copolar channel would be used to detect changes, the algorithm would probably call a detection (clearly depending on how the threshold is set). However, since the dominant mechanism appears to be a SM that provides Simulated data set. Estimation error varying the ENL between 3 and 500. higher HV backscattering, the detector should rely more on the use of the cross-polar channel compared to the co-polar channels. γ tr allows to perform this weighting without the need of knowing the physical model that characterize the target under observation. This is because γ tr averages the coherence of each SM based on the weight that they have in terms of backscattering. The HV channel contains most of the power of the partial target and therefore it has a higher weight in the integral. The physical reason behind this is that the distribution of points in the CoRe is ruled by the relative strength of the SMs composing the partial target (i.e., points tend to concentrate around the dominant). Finally, it is possible to observe how γ tr may improve the ENL (and therefore the estimation) in areas where all the channels are decorrelated. The green rectangle (top of Fig.   17 ) identifies an area that is suffering change (this is clearly visible in the Pauli RGB images). The magnitude of the coherences in the Pauli bases has an average value of approximately 0.22, while the magnitude of γ tr for the same area is approximately.
C. Evaluation of Error
This final section is dedicated to estimate the approximation error. Fig. 18 shows the CoRe for three generic points in the image covering winter wheat and field grass. The latter are just a few representatives of the shapes that we can encounter in this data set. Due to the fact that we are often in the condition of polarimetric non-stationarity (i.e., the ESM hypothesis is often not fulfilled), the loci can assume shapes that differ from triangles or ellipses (even presenting regions that have a nonconvex shape, but still connected).
The three previous examples show how γ tr and MCI are very close. This example allows to formulate more on the idea of using γ tr in classification. If we observe the CoRe for point (a) [700, 800] compared to point (b) [600, 600] and (c) [1000, 500], the size and shape of the region (a) appears to be difference from (b) and (c). This is because (a) represents winter wheat, and (b) and (c) are two different fields of field grass. It is also apparent that there is some change in the distribution of the points for (b) and (c), which may be due to different grass height. To observe differences between shapes and distribution of points we could calculate the histograms of the CoRe points. This is a very slow procedure, which can be highly inaccurate in the case of uniformly distributed points even if the bin size and number of points are properly selected. To avoid calculating histograms, we could investigate the point distribution using γ tr . For instance, we could observe the distance of the geometrical center of the CoRe (which could be calculated using the CoRe boundary) and comparing this to γ tr . In addition, this distance, combined with other geometrical indicators (e.g., the ratio between the major and minor axis), could be included in a feature vector of a classifier to discriminate between different volume structures.
In order to have a more quantitative comparison for the quality of the approximation the scene is sampled with a grid of 50 pixels width in range and azimuth and the resulting 1200 pixels are used to extract statistics. Fig. 19(a) presents the magnitude of the difference between γ tr and MCI, while Fig. 19(b) presents the same difference as complex numbers on a polar plot. Interestingly, the difference seems to be rather contained with values on average around 0.02. Moreover, the distribution of the errors on the polar plot is quite homogeneous which suggests that there are no biases. To investigate these last points some histograms are shown in Fig. 20 . In addition, Table II shows the mean and standard deviation associated with the distributions depicted by the histograms. The mean error is rather small and therefore it should affect only slightly the estimation of the center of mass. It is also interesting to note that the phase error is particularly small, with zero mean and a standard deviation of 2°. It is important to keep in mind that the phase error (or ambiguity) introduced by the limited amount of samples (e.g., the Cramer Rao lower bound for the coherence phase) is expected to be higher than the approximation error.
To provide more quantitative data, two different acquisitions in the AGRISAR data set are considered. These were acquired on the 19 th of April and 21 st of June. Also a different region of the data set is examined. The larger time interval allows to evaluate lower values of coherence. Specifically, the average value of the magnitude of γ tr over the area is around 0.26. The error increases slightly compared with the previous case, especially the standard deviation of the phase. A reason may be that the low coherence makes phase estimation challenging, since we are closer to zero (and the phase of zero is not defined). Please note such an issue strongly affects the MCI integral that would need more points to estimate the phase properly. As a final test another combination of images is used considering the dates 13st and 21st of June. The reduced time interval allows having higher values of coherence. Now the average magnitude of γ tr is 0.53. The improved value of coherence allows better estimations and reduces the error. The final test concerns the estimation of the difference between the peak and γ tr or MCI. Unfortunately, the analysis could not be accomplished successfully because we did not manage to produce reliable estimates of the peak location. The plots for this analysis are not presented here because of their unreliability; however, it is still possible to observe that γ tr appears to be generally closer to the peak. As discussed previously the problem in estimating the peak is that the density can have rather small derivatives for values of entropy higher than 0.5 and a Monte Carlo search with histograms fails.
V. DISCUSSIONS AND CONCLUSION
The main goal of this paper was to propose a new operator for Polarimetric SAR Interferometry (Pol-InSAR), namely the Trace Coherence γ tr . This operator is an approximation of the center of mass of the coherence region (CoRe), which can be formally evaluated as the integral of the Pol-InSAR coherence γ over all the projection vectors.
The following mathematical proofs were given.
1) The integral of a quadratic form is equal to the third part of its trace.
2) The integral of γ is equal to the new operator Trace
Coherence γ tr in the following situations: a) Polarimetric entropy equal to zero or one; b) Polarimetric stationarity and single decorrelation process (i.e., all the SMs have the same decorrelation and phase center). The approximation was tested using Monte Carlo simulations and real data. γ tr represents a good approximation in several situations. In particular, the error depends on the density of points in the CoRe. The accuracy of the approximation degrades as the CoRe size increases and the skewness of the CoRe increases. This is because γ tr because γ tr appears to be closer to the location of the density peak that can differ from the mean. As a consequence, γ tr can also be used as an approximation of the peak location when this is very different from the mean. The latter is an interesting feature since it is particularly hard to retrieve the peak location when the polarimetric entropy is higher than 0.5.
The tests on real data (AGRISAR 2006, DLR) showed an average error of approximately 0.025 in magnitude and less than 3°in phase; however, the average phase error can increase to as much as 7°for low values of coherence (around 0.2).
As a future work, a larger data set with available ground measurements will be used to validate specific applications in the context of coherent change detection and classification. Specifically, a set of indices will be designed and tested against different forest types to understand if different forest structures can be discriminated by this synthetic information. APPENDIX Here, the proof of the integral of a single quadratic form is equal to the third part of the matrix trace is provided.
The integral can be rewritten as 1
) and = ω ω * T . The latter passage was obtained calling the property of cyclic permutation of the Trace (i.e., the first ω is moved after the second ω). In our case, T is Hermitian and therefore it can be diagonalized. Without loss of generality, we can use the eigenvector basis u i with i = 1, 2, 3 to represent any vector in the space. The integral variable ω can be written as a linear combination of the eigenvector basis. Therefore ω = au 1 + bu 2 + cu 3 , |a| 2 + |b| 2 + |c| 2 = 1, |a| 2 = A, |b| 2 = B, |c| 2 = C,
It can be easily proven that the matrix can be decomposed in the sum of three U i matrices plus the sum of matrices with zero trace (i.e., in the eigenvector basis they only have off-diagonal elements).
Using the property of linearity of the Trace, the integral expression can be rewritten as
whereλ i are the eigenvalues divided by the sum of eigenvalues (i.e., the probability of the eigenvalue). The last passage is possible because the off diagonal elements of T are zero in the eigenvector basis. Therefore, the product with the matrices containing off-diagonal elements will return a matrix with only off-diagonal elements, which is traceless. Trace[T U i ] is a constant with respect to ω. The three integrals are computed on the projections of the vector ω over the eigenvector basis that varies when ω is changed. Moreover, the three integrals have the same value, since each of the components will cover the same volume of space while ω is swept over the entire unitary complex sphere. Since they are squared values they vary inside a (nonnegative) cube of unitary side. To conclude, the three integrals have to sum to one (i.e., the volume is unitary) and they have to be equal; therefore, each of the integrals has to be equal to one third
The sum of the three eigenvector matrices in the eigenvector basis is clearly the identity matrix I (i.e., they are the standard basis); therefore, the solution of the integral is 1 S ω * T T ωdω = Trace(T ) 3 .
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